This work deals with the asymptotics of normalized Laguerre matrix polynomials of a complex matrix parameter for
Introduction
Laguerre matrix polynomials have been introduced and studied in [8, 16, 13, 11, 12] . Connections between the modified Bessel matrix function and Laguerre matrix polynomials have been established in [10, p. 44-46] , see [17] . Applications to matrix integration may be found in [9] . Like in the corresponding problem for scalar functions, see [20] , the problem of the development of matrix functions in series of Laguerre matrix polynomials requires some new results concerning the matrix operational calculus not available in the literature. In this work we address the asymptotics of normalized Laguerre matrix polynomials for √ n/x = o(1) and x/ √ n = O(1) as n → ∞, which play an important role in the analysis of series expansions of Laguerre matrix polynomials [18] .
Throughout this work, for a complex number z, R(z) and (z) denote its real and imaginary parts, respectively. For a matrix A in C r×r its spectrum σ (A) denotes the set of all the eigenvalues of A, α(A) = max{R(z); z ∈ σ (A)}, β(A) = min{R(z); z ∈ σ (A)}. The spectral radius of A denoted by ρ(A) is the maximum of the set {|z|; z ∈ σ (A)}. The 2-norm of A will be denoted by
where for a vector y in C r , y 2 = (y H y) 1/2 is its euclidean norm, [3] . If f (z) and g(z) are holomorphic functions of the complex variable z, which are defined in an open set Ω of the complex plane, and A is a matrix in C r×r with σ (A) ⊂ Ω , then from the properties of the matrix functional calculus [1, p. 558] , it follows that 
If we denote by µ(A) the logarithmic norm of A, and byμ(A) the number −µ(−A), then [5, 2] 
By (vi) [5, p. 647 ] it follows that µ(A) = min{θ/ e At ≤ e θt , t ≥ 0}, and taking into account the Schur decomposition of A, by [3, p. 192-193] one gets
Note that by (i) [5, p. 647 ] and Bendixon's theorem [19, p. 395] it follows that 6) and taking x = − log t in 3.381 (4) of [4, p. 364] one gets
This work is organized as follows. Section 2 deals with some preliminary results. Section 3 is concerned with the asymptotics of Laguerre matrix polynomials for large n and x.
Preliminaries
Definition 2.1. Given a fixed matrix A in C r×r , a positive scalar function g(n) and a sequence of functions
If λ is a complex number with R(λ) > 0 and A is a matrix in C r×r with A + n I invertible for every integer n ≥ 1, the n-th Laguerre matrix polynomial L ( A,λ) n (x) and the n-th normalized Laguerre matrix polynomial Π
where
Taking into account the generating function of Laguerre matrix polynomials given in [8, p. 57 ]
Identifying coefficients of the last series and using (2.1) one gets
Using Taylor's expansion with √ I + At as t → 0 in (2.4) one gets 
The next result provides an integral expression of normalized Laguerre matrix polynomials, see [20, p. 107 ]. 
Proof. Taking into account that 8) and that by Stirling's formula n! ≈ √ 2πn 
Asymptotic expression for large x > 0
The next result provides an asymptotic expression for normalized Laguerre polynomials for large x > 0. 
where if 
and in all (i)-(iv)
Hence, using (2.9) and Definition 2.1 it follows that
where s = 0 if λx ≤ (4 − η)n or s = 1/6 if λx > (4 − η)n, 0 < η < 4, and
Note that √ n(1 − u) ≥ 1 in the first integral and 0 ≤ √ n(1 − u) ≤ 1 in the second one. Taking v = √ n(1 − u) in integral K n 2 of (3.4) and using (1.5) one gets
by (3.6) and (1.7) one gets
and hence, by (3.5), it follows that
in (3.6) one gets
and using (3.10), (1.7) and (3.11) it follows that
Hence by (3.5), (3.9) and (3.12) one gets
Using (1.5) in integral K n 1 of (3.4) it follows that 15) using (3.14) and (2.6) and taking δ, 0 < δ < 1, it follows that
, by (3.14) and (2.6) one gets
In an analogous way, starting from (3.4) and using the bound (1.4), ifμ(A) > − 1 2 it is easy to show that 
